1. Introduction. The study of analytic measures on compact groups with ordered duals has been the subject of several papers on Fourier Analysis in recent years (see W. Rudin [12] for references). In their papers [5] , [6] , H. Helson and D. Lowdenslager have used a new method to study the properties of analytic functions on the Bohr group. In his subsequent works [3] , [4] , Helson has emphasized the connection of this problem to the Weyl-Von Neumann operator equations ( [8] , [lO] ). In the meantime, K. de Leeuw and I. GHCKSberg [2] have given an extension of the classical theorem of F. and M. Riesz to compact groups. They obtain as its consequence refinements of some theorems of Helson-Lowdenslager [5] and S. Bochner
[1].
Our purpose here is to use Helson's method in [4] to obtain a simple proof of the de Leeuw-Glicksberg theorem basing ourselves entirely on the Hilbert space geometry. We think that the interest of this proof, aside from its simplicity and clarity, lies in unifying the ideas of the above two approaches. This unity may eventually lead to a deeper knowledge of analytic measures on groups with ordered duals. Such a study has been made in the special case of the Bohr group by M. G. Nadkarni [9] . A complete study may also give an extension of the work of G. Kallianpur and V. Mandrekar [7] where Xy denotes the character on G corresponding to Y£I\ Let ^ be a continuous homomorphism of T into R, the group of real numbers with the usual topology. \(/ induces a homomorphism <t>\ R-+G of the associated dual groups. In fact, 4> is the unique mapping defined by X7(#(0) = exp {i^{y)t). With the above notation we obtain the following result of purely geometric nature which will be used in §3 to prove the de Leeuw-Glicksberg theorem. THEOREM 
Let { V t ; /£i?} be a group of unitary operators satisfying
Then VtP(A) F-*=j3(A+0OO) where /3 is the spectral measure on G corresponding to { U yi 7£T} and A is any Borel subset of G.
PROOF. By (2.1) we have
Since UyVt^Xyi^ifyVtUy, we can equate (2.3) and (2.4) to obtain
i.e., for all x, yE.H,
By the uniqueness of the Fourier transform it follows that for all *, y<EH, (0(A) 7,*, y) = (Vtp(A-4>(t))x, y). Ir * other words, /3(A) V t = 7<0(A-0(/)). Hence 7«0(A)7_«~j8(A+0(0). q.e.d.
3. Quasi-invariance of analytic measures. Let G be a compact Abelian group and V its discrete dual. An "ordering" of T is given by a fixed non trivial homomorphism \p of T into the group of real numbers. Since T is discrete the mapping ^ is a continuous homomorphism and thus induces a continuous homomorphism 0: R->G of the associated dual groups;^ is the unique mapping defined by x y (<j>(t)) =exp(i\{/(y)t) 1 teR, y er.
Let ix be a finite complex regular measure on the Borel subsets of G. fi is said to be 0-analytic if foXy(g)l JI >(dg)=0 whenever ^ (7) 
(i) and (ii) are obvious; only property (iii) needs a proof. Consider fa Xy(g)Xr(g)e(g)\fx\ (dg). If \p(r) â -/, then for 7 satisfying \p(y) <t we have f G Xy(g)xÀg)e(g) \fi\ (dg)=0
by <£-analyticity of /*. Since 9TC_e is spanned by {xr(-)e( m )' ^(r) ^ -/}, we have for any /£2tfZ_*, /öX7(^)/te)^te)|M|(^)=0 for 7 with MX*. Let/e^-.. Then /£9flZ_* for each /.
Hence we get Jo Xy(g)f(g)e(g)\A (dg)=0 for all 7. This implies ƒ =0 a.e. [|/x| ] proving (iii).
Let U y be the operator in L 2 (G, | /x| ) such that U y f=Xyf-Then for each 7Gr, t/ 7 is obviously unitary and { £/ 7 :7£r} is a group of unitary operators on Z, 2 (G, |/x| ). Let E (5) denote the orthogonal projection from L 2 (G, |/i|) onto 9tfl«. Then from (3.1) we have that {E(s) : -00 <5 < 00 } is a resolution of the identity in L 2 (G, | fx\ ). Further, it is easy to check that U y îfK a = SÏÏIH-IKT)-Hence we get U y E(s) U-y = £(5+^ (7) The following corollary is now obvious. COROLLARY 
If \x is an analytic measure on B, then y is quasiinvariant under R.
In fact, Theorem 3.1 is not far more general than Corollary 3.1 in the sense that it could be obtained essentially using Corollary 3.1. The important part is played by the Archimedian order of R. One may observe that if </> is a nontrivial continuous homomorphism then the kernel of <j> is either 0 or a discrete subgroup of R isomorphic to the group of integers. The latter case can be essentially proved by using a variation of Theorem 2.1. In the next section, we shall therefore restrict our attention to Bohr group. 
where h(-) = (djx/dv) (-) . Hence g is a coboundary. Conversely suppose that g is a coboundary.
Let v(A)=f A (l/h(x))fx(dx).
Since the set {x: 0 <h(x) < oo } is also the support of fx it is easy to check that v is a cr-finite measure equivalent to \x. To see that v is 0-invariant, we note that
---^(dx) J A +4>(t) h{x)
J A h(x + 0(0) 
= I exj>(its)xt(b)fx(db) = exj>(its)fi(t). J B
Hence jtt(J) = 0 W /?*0 and jtt(0) =/*(£) ?*0. Hence M is the Haar measure on B (or a constant multiple of it), q.e.d.
